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I 

Consider an a r t i l l e r y  p r o j e c t i l e  I n  t h e  shape of an ogive and cy l in-  /2 
d r i c a l  body te rmina t ing  a b r u p d y  i n  E flat, base a t  BB ' .  The supersonic 
flow around t h i s  p r o j e c t i l e  breaks away a t  BB' and merges downstream a t  
RR ' ,  t hus  containing i n  t h e  empty zone a " s t i l l  water", i n  which t h e  pres -  

I su re  i s  almost uniform and i s  lower t h a n  t h e  ambient pressure .  This re- 
sults i n  a drag  which sometimes represents  from 30 t o  40 pe rcen t  of t h e  I 

t o t a l  p r o j e c t i l e  drag. 
I 
I. 

The same problem e x i s t s  a t  the e x i t  of a n  a i r c r a f t  o r  rocke t  r e a c t o r ,  
whenever t h e  e x i t  area of t h c  propulsive m z z l e  i s  less than  t h e  t o t a l  
a r e a  of t h e  base  sur face .  Again i n  t h i s  case t h e  i n t e r n a l  and e x t e r n a l  
streams break away a t  t h e  l e v e l  of t h e  base s e c t i o n  and merge f u r t h e r  
downstream, thereby  c r e a t i n g  between t h e  two streams a zone l a b e l l e d  
" s t i l l  water". 
which becomes g r e a t e r  as t h e  base a rea  upon which it a p p l i e s  becomes 
greater. 

The p res su re  i n  t h i s  zone i s  p a r t  of t h e  propuls ive  f o r c e  

ma-- -- 
A f e w  yea r s  ago t h e  s o l u t i o n  t o  t h e s e  problems of base drag w a s  

t r e a t e d  i n  a pure ly  empir ica l  way, bu t  r ecen t  research ,  which w a s  sup- 
p o r t e d  i n  p a r t  by t h e  O.N.E.R.A., has given us a c l e a r  and e f f i c i e n t  
method of t r e a t i n g  t h e s e  problems (Refs. 1, 2, 3).  
p r e s e n t  paper i s  t o  d i scuss  a f e w  bas i c  problems connected wi th  t h i s  
thenry; . 

The ob jec t  of t h e  

. .  
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1. Principle of the Method : L 1 _  
First let us take a very simple mathematical case, that of a two- 

dimensional uniform supersonic flow leaving the edge BB' at B. 
goes a Meyer expansion, characterized by a deflection $ and by a Mach 

1 
number M whose values are related to Mach M 

pressure upstream p 

It under- 

and to the ratio of the 1 0 

to the pressure p existing at the still water zone. 

First assume a perfect flow and that the pressure at the still water 

0 1 

p1 is given, with pl< p 

an impact at R with the downstream wall. 
tensity is related to Mach M1 and to the deflection $ undergone by the 
stream at this place. 

for example. The flow (M1) remains uniform until 

At R we have a shock whose in- 
0 

Now observe that in the real flow conditions, i.e., for a viscous 
fluid, the discontinuity in velocity c - u 

rated by the jet line BR cannot remain the same, and changes progressively 
into a continuous variation of the velocit), with the velocity almost 
zero in the still water and equel to u1 outside it. The flow region which 

is affected by this velocity change is labelled the "mixture layer" and 
the corresponding phenomenon or effect is called the "mixture phenomenon". 
This effect  can be considered isobaric, provided the departure height BB' 
is sufficiently great as compred to the thickness of the mixhwe layer. 

between the two parts sepa- I 

1 

A. perfect fluid B. real fluid 
Now examine the behavior of the fluid particles which traverse the /4 

. mixture zone and reach the merger zone. 
state regime demands a conservation of the fluid mass contained in the 
still water, the streamline (j) emanating exactly from B must reach R. 
Any streamline situated above (j) must extend downstream from R, and any 
streamline situated below (J) must return to the still water. The back- 
flow which is immediately established upstream from R means that there 
exists an opposing pressure gradient; in other words, in the flow of the 
nonviscuous fluid there exists 6. continuous compressional wave, as 

Since maintenance of the steady- 

. 



i nd ica t ed  i n  F igure  B above. 
A r e l a t i v e  t o  t h e  p e r f e c t  fluic?. 

This wave r ep laces  t h e  shock wave of F igure  

Since R i s  a poiiit of rest 02 ( 3 )  , thc rzvzilabli. momentum on ( j )  a t  
p o i n t  C, immediately ahead of t h e  recompression zone, must be of such . 
value as determined by t h e  condition t h a t  it must go t o  zero a t  R due t o  
t h e  opposing pressure  g r a d i e c t  and t o  t h e  viscous f o r c e s  m e t  from C t o  R.  

If t h i s  condi t ion  i s  s a t i s f i e d ,  it i s  ev ident  t h a t  t h e  f l u i d  p a r t i c l e s  
moving below ( j )  are animated with a lover ve loc i ty ,  and make a U-turn 
before  reaching R; whereas t h e  p a r t i c l e s  moving above ( j )  are faster and 
w i l l  be a b l e  t o  overcome t h e  braking a.ction from C t o  R and escape down- 
stream. 

The two b a s i c  problems which stem from t h i s  a n a l y s i s  are t h e r e f o r e  
t h e  following: 

1) To determine t h e  flow 
c h a r a c t e r i z e  t h i s  flow a t  any 

9 =  

conditions i n  the mixture zone. We s h a l l  
po in t  by t h e  v a r i a b l e s  I 

-..l P - e = -  P 

1 .  

1 1 
U 

The corresponding problem i s  c a l l e d  the" i soba r i c  mixture problem". 

2)  Knowing t h e  p r o f i l e s  @ ( y )  and 8 ( y )  i n  t h e  mixture l a y e r ,  near C, 
where t h e  merger e f f e c t  starts t o  take p lace ,  t o  determine which stream- 
l i n e  (1) w i l l  reach rest p o i n t  R y  with an angle  Jr of d e f l e c t i o n  of the 
flow (5) .  This problem w i l l  be ca l l ed  t h e  "merger problem". We s h a l l  

not d i s c u s s  it here.  It w i l l  su f f i ce  t o  assume, i n  order  t o  understand 
t h e  r e s t  of t h i s  d i scuss ion ,  t h a t  angle  q i s  a known func t ion  of Mach M 

and of t h e  v a r i a b l e s  cp and 6 which cha rac t e r i ze  t h e  state of t h e  flow 

immediately upstream from t h e  recompression zone, on the boundary 
s t r eaml ine  (1). 

1 

1 1 

/5 We s h a l l  t a k e  t h i s  func t ion  as 

and term it t h e  angular  c r i t e r i o n  f o r  merger. Since cp and 8 are given 

by t h e  theo ry  of t h e  mixture as func t ions  of a reduced o rd ina te  q 

c l e a r  that  $ i s  an inc reas ing  function of ql. 

1 1 

it i s  1' 
Indeed, t h e  f a r t h e r  boundary 



4 - 

l i n e  (1) l ies  from t h e  st i l l-water zone, t h e  g r e a t e r  t h e  momentum, and-. 
corsequently,  t h e  g r e a t e r  t h e  recompression it can overcome. 
compession i s  i tself  determined i n  thenonviscousf low t o  be an increas-  
i n 8  funct ion of defec t ion  angle  +, f o r  a given Mach number M 

This re- 

1’ 
Suppose f o r  example that (M1) and + are given. Equation (1) y i e l d s  

t h e  value of q 

- If (1) and ( j )  coincide,  t he  conservation condi t ion i s  m e t  and 5 and 

- If (1) i s  above ( j ) ,  a c e r t a i n  quant i ty  of f l u i d  q = P 1 u J’; WdY > o  

o r i g i n a t i n g  from the outer  flow w i l l  e n t e r  t h e  s t i l l  water f o r  every 
u n i t  of span of t h e  device.  Then + and M w i l l ,  i n  t h e  s t eady- s t a t e  

regime, be compatible only i f  an equivalent  suc t ion  of q i n  t h e  s t i l l ’  
water i s  poss ib l e .  

- If (1) i s  below ( j ) ,  quan t i ty  q changes s ign .  

i .e., t h e  boundary flow l i n e  (1). 
_ -  1’ 

are compatible. 

I 

1 

This quan t i ty  i s  con- 
s t a n t l y  taken from t h e  s t i l l  water and e j e c t e d  downstream of R.  
II, and M 

water i s  poss ib l e .  

Also, 
w i l l  be compatible only i f  an i n j e c t i o n o f q  i n t o  t h e  s t i l l  1 

If t h i s  i n j e c t i o n  or t h i s  suct ion i n t o  o r  from t h e  s t i l l  water are /6 
p o s s i b l e  without modifying the  behavior of t h e  stream i n  t h e  mixture 
l a y e r  ( i n  o the r  words, without, per turbing func t ions  cp and 8, which repre-  
s e n t  t h e  mixture l a y e r ) ,  then the re  e x i s t s  a one-to-one correspondence 
between q and ( v  0 ) so t h a t  Equation (1) can be w r i t t e n  i n  t h e  form 

1’ 1 

( h  being t h e  reference length ,  f o r  example B B ’ ) .  9 where C = - 
9 PIUlh 



5. 

Before examining in detail some of the problems which arise from 
this analysis, let us assume them to be solved and rapidly examine the 
xethod to follow in the discussion of the prsblem of the base pressure. 

Consider for example the case of two untform two-dimensional streams 
(M.) and (MI) coming from either side of a base BB' and meeting. 

0 0 

Take a base pressure p . The geometry of figure BB'R is immediately * 

determined by the Meyer expansions at B and B'. 
1 

The final direction G I ,  common to both flows ( 2 )  and ( 2 ' )  after merger,, 
results from the two isentropic compressions (1) - (2) and ( l t ) - ( 2 ' ) ,  j 
with p 2 = P2" 

matically by the pressure deflection diagram below: 

/7 
The standard solution to these problems is shown sche- 

(Co) and ( C ' )  are curves for the Prandtl-Meyer expansion or isentropic 

recompression of the upstream flows (C) and (C'). 
0 
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(Note tha t  t h e  upstream state (2.) ( 2 ' )  does not depend here  on t h e  assump- 
t i o n  made f o r  p ). 1 

The diagram a s s o c l a t e s  t o  each value of p1 two d e f l e c t i o n s  a t  R 

Using t h e  merger c r i t e r i o n  f o r  each of t he  two flows (1) and (l'), w e  
have 

J r '  = Jr (M' C' ) 
1' 9. 

From t h i s  are deduced C and C '  or t h e  q u a n t i t i e s  q = p u h C 
9. 9' 1 1  9 

u t  h' C '  t h a t  t h e  two flows (1) and (1') pour i n t o  t h e  
and q t  = p'l 1 9 

s t i l l  water, r e spec t ive ly .  The value chosen f o r  p w i l l  be s u i t a b l e  i f  

it l e a d s  t o  q + q' = 0; i n  o ther  words, i f  one of t h e  flows pours i n t o  
t h e  s t i l l  water a quant i ty  equal t o  t h e  quan t i ty  which t h e  o ther  removes. 
The s o l u t i o n  i s  the re fo re  obtained by t r i a l  and e r r o r  with p 

1 

1' 
Having reviewed t h e  genera l  method, w e  w i l l  now examine some of t h e  

fundamental problems t o  be solved, and w e  s h a l l  r e s t r i c t  our a t t e n t i o n  
t o  t h e  case of a tu rbu len t  mixture,  s ince  t h i s  i s  a very important prac-  
t i c a l  case.  

/8 

2. Problem of t h e  I soba r i c  Turbulent Mixture 

A s  we have seen, t h i s  problem i s  t o  descr ibe  a l a y e r  of mixture 
flowing ( M  ) out  of B and i n t o  a n  i n f i n i t e  atmosphere, with a pres-  1' p1 

s u r e  p . 
1. 

If t h e  i n i t i a l  stream i s  pe r fec t ly  uniform, the  problem becomes t h e  
But i f  the re  e x i s t s  a n  i n i t i a l  boundary s t anda rd  one (Gor t l e r ,  Ref. 4 ) .  

l e y e r  upstream from B, t h e  problem becomes d i f f i c u l t .  An approximate 
s o l u t i o n  t o  it has been given by H. Korst (Ref.  5 ) .  



The p r i n c i p l e  involved i i l  t h i s  s o l u t i o n  i s  t o  s impl i fy  t h e  equat ion 
for t h e  momenta belonging t o  t h e  viscous l a y e r  so as t o  b r ing  it t o  t h e  
form of t h e  heat equat ion.  I n  t h i s  way, w e  can ob ta in  f o r  t h e  d i s t r i b u -  
t i o n  of v e l o c i t i e s  a so lu t ion  which sat isf ies  exac t ly  t h e  boundary con- 
d i t i o n s ,  and a l s o  an approximate so lu t ion  t o  t h e  momentum equat ion.  The 
tercperature d i s t r i b u t i o n  i s  immediately decuced from t h e  v e l o c i t y  d i s t r i b u -  
t i o n  by making an assumption on the  t u r b u l e n t  P rand t l  nuiiber. These two 
d i s t r i b u t i o n s  will f i n a l l y  be s u i t a b l y  shif t ,ed p a r a l l e l  t o  t h e  y a x i s  i n  
o rde r  t o  s a t i s f y  the momentiua theorem i n  a genera l  way a t  each abscissa.( 

/9 The Re la t ion  Between t h e  Temperature P r o f i l e  and t h e  Veloci ty  P r o f i l e  

We shal l  f i rs t  recall  a standard r e s u l t  of t h e  theory of the boundary 
The temperature p r o f i l e  i s  deduced from t h e  v e l o c i t y  p r o f i l e  by l a y e r .  

making c e r t a i n  assumptions. 
momenta and t h e  energy of  t h e  i soba r i c  rnixture l a y e r .  
i s  w r i t t e n  

For t h i s  w e  w r i t e  t h e  equat ions f o r  t h e  
The first equat ion 

i n  t h i s  expression,  ct i s  a tu rbu len t  t r a n s p o r t  c o e f f i c i e n t  analogous t o  

t h e  v i s c o s i t y  c o e f f i c i e n t  of t h e  laminar regime. We s h a l l  no t  determine 
i t s  form f o r  t h e  moment. 

A s  a second unknown funct ion ,  we t a k e  t h e  t o t a l  enthalpy H 
i 

and w e  write t h e  energy equat ion:  

. . . .  



I n  t h i s  e :qress ion  q r ep resen t s  the  t ransverse  hea t  f l u x  which by analogy 
with t h e  equivalent  expression of the laminar  regime, i s  w r i t t e n  f o r  a 
thermally p e r f e c t  gas  : 

where X i s  a t u r b u l e n t  

as i n  t h e  laminar csse ,  
t c o e f f i c i e n t  of conduct ivi ty .  We introduce,  j u s t  

9 t u r b u l m t  Prar,c?tl x.&er def ined by 

and w e  assume t h i s  c o e f f i c i e n t  (num3er) t o  be equal  t o  one. ‘This assump- 
t i o n  i s  a p r i o r i  an a r b i t r a r y  one which rnust be t e s t e d ’ b y  i t s  own 
consequences. 

/10 The energy equat ion then becomes: 

I n  :;his form we can recognize from the anaiogies  of (1) and (2 )  t h a t  t o  
evtjry so lu t ion  u (x, y )  of (1) t h e r e  corresponds a so lu t ion  of (2 )  i n  t h e  
form 

Hi (x,  y )  = Q u + B 

where cx and p are cons tan ts  t o  be determined from t h e  boundary condi t ions.  

I n  p a r t i c u l a r ,  i f  H, i s  t h e  enthalpy of rest i n  t h e  s t i l l  water and 

1 
if H i  i s  t h e  enthalpy of rest i n  the ou te r  stream, w e  have: 

s i n c e  (o= 0 i n  t h e  s t i l l  water,  
(o= 1 outs ide .  

R e s t r i c t i n g  ourselves  t o  the  case of pe r fec t  gases ( H  = Cp T), we 

can w r i t e ,  neg lec t ing  v 2 2  < t u  , 



9 

from which the law of temperature distribccion is: 

A very simple special case occurs when T = Til. m Then from (3) ,  Hi 

and T. are constant in the mixture layer and (4) becomes: 
1 

Eza?ore, as soon as the function P(v )  is found, (4) and (4') will give 
the corresponding distribution e(  v )  . 
on the Mach number M1 and the ratio _ .  

That function will generally depend 

Tm 
Ti 

, .  

Velocity Profile /11 
The momentum e.quation for the isobaric mixture layer is written: 

where T is the turbulent friction. 

It is easy to determine that the second term of the left-hand side 
is negligible with respect to the first one. 
by writing, analogously with the laminar case, 

The equation is simplified 

where e is a function of x characterizing the strength of the turbulent 
mixture at that abscissa. In the momentum equation thus simplified, i.e., 

we introduce one final simplification by replacing u in the left-hand side 

with an average value over the mixture zone, for example - u1 (where ul is 
the outside velocity). 2 

The equation finally becomes: 



- .  

10 

This equat ion can be p u t  i n t o  t he  form of t h e  h e a t  equation by t h e  f o l -  
lowing change of variables 

It becomes: 

where t h e  i n t e g r a l  i s  a well-known elementary one, g iv ing :  

We must f i n d  a s o l u t i o n  t o  ( 5 )  capable of s a t i s f y i n g  t h e  fol lowing 
cond i t ions :  

a)  A t  x = 0 (( = 0 )  t h e  ve loc i ty  p r o f i l e  i s  gene ra l ly ,  because of /12 
t h e  presence of t h e  boundary l a y e r ,  of t h e  form: 

1' b) A t  any p o s i t i v e  a b s c i s s a ,  the v e l o c i t y  f o r  y = +cr, i s  u = u 
whereas f o r  y = - 00 it i s  u = 0, from which: 

A s o l u t i o n  which s a t i s f i e s  these conditions i s  obtained by superpos i t ions  
of t h e  elementary s o l u t i o n  of t h e  form: 

It  can be v e r i f i e d  t h a t  t h i s  so lu t ion  satisfies t h e  boundary condi t ions  
a) and b )  above. 

. .  . 
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.. 
Conditions a )  

Take : 

from which : 

When [ tends t o  zero  t h e  lower boundary of t he  i n t e g r a l  t ends  t o  -00, as 

as [-1’2. Separate t h e  i n t e g r a l  i n t o  t h r e e  p a r t s  . -  

I- r -Y r** 

-1/4 
with,  - fo r  example, Y = E . 

Since Po i s  bounded (‘po <1), t he  las t  two i n t e g r a l s  obviously tend  

t o  zero,  s ince  t h e i r  upper and lower boundaries i nc rease  i n f i n i t e l y  i n  
abso lu t e  value and s ince  

i s  a convergant i n t e g r a l .  

I n  r e spec t  t o  t h e  f i rs t  i n t e g r a l ,  note  t h a t  for  

the va lue  of 28 fi tends t o  zero with E, so  t h a t  i n  t h i s  region we can 

/1-3 

write qo ( + 2pG ) = cp ( 2 )  a t  t h e  boundary [ = 0. 
6 0 6  

W e  have, f i n a l l y ,  a t  t h e  boundary: 

. , ’  
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Conditions b ) 

Taking any abscissa > 0, let us verify whether, when y tends to +m, 

CP tends to 1, and when y tends’to -03, whether ‘P tends to zero. 

Take : 

Then the proposed solution is written: 

Since cp = 1 for  > v 
0 0 

(in other words, y > 6 ), we will be able to sepa- 

rate P( V )  in two parts : 

# 

This latter integral can be written, taking 

The first of these integrals is equal to -and 1 the second one to 
2 

/14 

from which, finally : 



In this form we can immeditA.td, recognize with 1) chosen that when 

1) increases infinitely in absolute value, the first term tends to unity. 
The second term tends to zero, since for h< vo 

0 

this term is smaller than 

and this expression has a bounded integral and an exponential which tends 
to zero. 

Tae second term always tends to zero; therefore CP tends to zero. 

When 1) tends to -00, the expression erf ('7-1) ) tends to -1. 0 

Relations Between E and x 

Frorr, experience with incompressible Jets we are led to take for 
e ( x )  the expression 

The reduced coordinates v and 1) introduced in (7) are written 
0 

= 5 2;- . y1, = 5- 2s- 
z r 

and solution (6) becomes: 
( 7 ' )  



- .  
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The Inf laence  of  t h e  I n i t i a l  Bouzda1-y Layer on t h e  Veloci ty  P r o f i l e  

In t h e  absence of t h e  i n i t i a l  boundary l i m i t  w e  have 7 = 0, and 
0 

(6') t h e r e f o r e  t akes  t h e  very siAmple form: 

- 1  
3 - CP = - (1 + erf 7). (9) 

Tiis f o r n  has been given by Gor t l e r  as a f irst  o rde r  approximatlon t o  
t h e  unsimplif ied equat ions f o r  t h e  turbulen t  mixture. 

By comparing ( 8 ' )  and ( 9 )  :'e i n e d i a t e l y  see t h a t  t h e  v e l o c i t y  
p r o f i l e  w i l l  be t h e  less  d i s t o r t e d  by an i n i t i a l  boundary l a y e r  t h e  
smaller ? 

asymptot ica l ly  when x inc reases  t o  i n f i n i t y .  

i s ,  or i n  o the r  words, the sn.Lller 1. This i s  what happens 
0 X 

I n  p r a c t i c e  it s u f f i c e s  t n a t  be of  t h e  order  of  1/10 i n  order  f o r  

expression (9) t o  c o r r e c t l y  represent  t h e  shape of t h e  v e l o c i t y  p r o f i l e .  

x 

3.  Search for v1 i n  t h e  General Case 

Consider t h e  problem of an  i soba r i c  niixture charac te r ized  a t  t h e  
o r i g i n  i3 by a uniform stream ( p ,  , Xl), extending i n  t h e  neighborhood of  - 
t h e  w a l l  i n t o  a boundary l a y e r  ;??c.vring a p i .o l i l2  - U = cp (x). Assume i n  

0 6  
4 u1 

a d d i t i o n  t h a t  i n t o  t h e  s t i l l  x-- _I 2 quan t i ty  o f  mass q and momentum i 
( p e r  u n i t  of span) i s  i n j e c t e d .  

L e t  us  t r y  t o  determine t h e  boundary s t reaml ine  (1) which, when 
merged, w i l l  s a t i s f y  t h e  equilibriuni condi t ion o f  t h e  s t i l l  water. 

A s - s t a t e d  previous ly ,  w e  ass-me t h e  problea  of t h e  mixture solved. 
We know i n  t h i s  way t h e  shape of the v e l o c i t y  and temperature p r o f i l e s :  

w i th  7 =  - ' Y + cons tan t .  X 

The constant  which e n t e r s  i n  the expression f o r  7 w i l l  be so  
determined t h a t  t h e  momentum corldition be genera l ly  s a t i s f i e d  between 
t h e  a b s c i s s a  x = 0 and any o ther  absc issa  x. 



Let RE' be a streamline sufficiectly far from Bx so that it lies 
ouzside of the viscous zone. RR' is parallel to Bx. Let us write the 
mon;ent;n: theorem between x = 0 and x with y < yR. 

At the origin the input momentum is, per unit of span: 

1.1' 
o r ,  after dividing by P 

At abscissa x the exit momentum is 

or, Esing the dimensionless vzriabies: 

Since this is an isobaric process we :iiusT have: 

* from which the condition 
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Since the left-hand side is nssurrAed mown, and since O ( t 7 )  and P ( 1 )  
are detcnined, this relation delines the quentity TA, correspon2ing to 

streardine (RZ’ ) .  In other words, it defines the y shift of the velocity 
and teri2erature profiles, such that conservation of momentum be sazcisfied 
at absc-ssa x. 

/17 

Now let us try to define boufidsry lix (1). The necessary and suf- 
ficient condition for the fluid I I I ~ S S  which is contained in the still water 
to be conserved is that between (1) and (PL3’) and at every abscissa we 
f h d  a quantity equal to the quantity at location x = 0, i.e., 

or , usicg dimensionless vLriabies ’ 

Taking (2) - (1) we have 

Note that the two R-dependent integrals converge. 
to the l i m i t  yR-oo. 

We can therefore go 
Under these conditions 

a 

which is the momentun thickness for The initial boundary layer. 
result sought is therefore writtei?: 

The 

--- 

In this eqression, the right-hend side is known; 
therefore 17 

and O ( T ,  ), and consequently the -:-r;er criterion for the line (1). 

the only unknown is 
which, in this wey, is determined, as are the results P(t7 ) 

i 1 



Now l e t  us consider  t h e  i .deal  C ~ Z %  of  a flow without i n i t i a l  boun- 
&ry l z y e r  (ti** = 0 )  wi th  no s;:.c-;ioc OT e j e c t i o n :  i = q = 0, and with a 
uniform d i s t r i b u t i o n  o f  t h e  to;;r i  enthalpy ( T  

case t h e  re ference  case.  We h~vc. Lheri: 

/18 
= Ti ) . m We t e r r a  t h i s  

1 

Expression ( 3 )  shows then  t h a t  '7; = 17, and depeads only on 

iiol2ls Tor t h e  merger c r i t e r i o r .  In  the re ference  case.  

. The same 
ii J. Y 

I n  t h e  genera l  case,  we CL.; .!.5;.x,;t? .:,-:.~:~-k t h e  i n j e c t i o n  does not 
grecit ly nodify t h e  rilixture fUiICi,i,JG; r P ( B )  ~ 3 5  0):57), provided, howev&T, 
t h a t  i 2nd q have a fa i r  value. W? have on tile o t h e r  hand seen t h a t  i f  

5 i s  f a i r l y  l a r g e ,  f u n c t i o m  e and 50 depend very l i t t l e  on t h e  presence 
hi -.. 
of t h e  i n i t i a l  boundary l a y e r .  

With these reserva t ions .  i n  mind, we can consi'der t h a t  t h e  i n t e g r a l  
of t h e  r ight-hand s i d e  i s  a func t ion  of' orLly M and Tm/Til. We can s ta te  
thzt tfie following r e s u l t s  : 

1 

a )  'Filth everything e l s e  be ing  equal,  t h e  e f f e c t  of an  i n i t i a l  boun- 
da ry  l z y e r  having a momentum thicknas:; 6;+'+ 32 t h e  merger c r i t e r i o n  i s  t h e  
ssm as t h e  e f f ec t , o f  t h e  i n j e c t i o n  i n t o  t h e  s t i l l  water a t  very low 

v e l o c i t y  of a quan t i ty  p u 6 1 11' 

b )  The e f f ec t  of an i n j e c t i o n  o f  u n i t  rcass q i n t o  t h e  xi11 water 
dec reases  57 

an  inc reas ing  func t ion  of "). 

i n  o ther  words, it decreases t h e  angle  of merger ( s i n c e  I) i s  1; 

c )  The e f f e c t  of t h e  i n j e c t i o n  of  a Faomentun i n t o  t h e  s t i l l  water 
i n c r e a s e s  v , ,  i n  o t h e r  words i-, ;-czeases The angle  of merger. 

I 

Since  a s tandard 
t i o n  of moment,m: 

i n j e c t i o n  e n t & i l s  piaact ical ly  a simultaneous i n j e c -  
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h'e see t h a t  s ince  V. i nc reases  fro::! zero,  t h e  e f f e c t  of  a n  i n j e c t i o n  pe r  

mit  lrass w i l l  f i r s t  be overwhelxing, and I$ w i l l  decrease; then I) w i l l  
go through a minimum 2nd increase .  

J 

6) The nerger  c r i t e r i o n ,  s i c h  as t h e  one descr ibed  i n  Sec t ion  1, 
can be considered genera l ,  wi th  t h e  reserva t ions  ind ica t ed  above, bu t  
ye must t a k e  : 

IC-. Behavior of t h e  Boundary Layer During t h e  Expansion a t  B 

T??e preceding ca l cu la t ions  hc-lve shown t h e  inf luence  of t h e  i n i t i a l  
boufidary l a y e r  upon t h e  merger c r i t e r i o n .  
mine i n  every s p e c i a l  case t h e  s t e t e  G: t h i s  boundary l a y e r  a t  t h e  o r i g i n  
of t h e  i s o b a r i c  mixture,  i . e . ,  a l t e r  t h e  expansion a t  B. 

The ques t ion  now i s  t o  de t e r -  

L Nore p rec i se ly ,  given 2 boundary l a y e r  with 2 v e l o c i t y  p r o f i l e  

(2 = (Po (g) before  t h e  expansion, t h e  quest ion i s  t-o c a l c u l a t e  t h e  p r o f i l e  

P1 (r) o f  t h e  boundary l a y e r  a f t e r  The expansion. 

.\ 
0 

6 '  

I n  order  t o  perform t h e s e  ca lcd la t ions ,  with t h e  d e t a i l s  mentioned 
i n  R e f .  2, we s h a l l  make t h e  fo l lov ing  assurrptions: 

A )  A t  a very small d i s t ance  from B and downstream - of t h e  order  
of 6 - we can f ind  a c ross  sec t ion  Oy' where a l l  t h e  v e l o c i t i e s  have 
taken  a d i r e c t i o n  p a r a l l e l  t o  Ox, and where t h e  pressure  has become 
uqiform and equal  t o  p 1' 

B)  If Q and Q' are  two po in t s  s i t u a t e d  on t h e  same s t reaml ine  be- 
f o r e  and  a f te r  t h e  expansion, t h e  t o t a l  eqthnlpy and t h e  entropy are con- 
served  from Q t o  Q 1 .  We s h a l l  say t h a t  Q and Q '  are homologous. 



This assumption l e a d s  t o  -the corlsiderntion t h a t  t h e  t r a n s i t i o n  of a 
i?Lid p z - c i c l e  from Q t o  Q' i s  so rap id  th& t h e  v i s c o s i t y  e f f e c t s  are 
n e c l i g l b l e .  Under these  condi t ions the ca l cu la t ions  become easy.  

Fl~st t h e  d i s t r i b u t i o n  of l h c h  nmber  M(Q)  as a func t ion  of  y/6 i s  /23 
Ee-cernLxG from t h e  i n i ? ; i a l  da t a .  Since t h e  e q a n s i o n  r a t i o  - P l  i s  giver;, 

Pn 

Y ' ( Q ' )  i s  deduced f o r  t h e  downstrem 1ocatio1?. Then, with t h e  he lp  of 
the cori t inui ty  equat ion,  t h e  corresposdence (Q, Q ' )  r e r a i n s  t o  be d e t e r -  
rr.ined; i n  o the r  words, t o  every t m e  e,e.ier,t of stream of  th ickness  cy 
around Q, corresponds, through t n e  isenTropic expansion, an element dy '  
a r o m d  Q such %hat  

B u t  sirice t h e  expansion i s  an i s en t rop ic  one we have 

A S b e i n g  t h e  func t ion  - of t h e  I sen t rop ic  Expansion Tables,  from which 
*O 

This  r e l a t i o n  y i e l d s  t h e  sought correspondence ( Q ,  Q'). 

We have i n  t h i s  way t h e  d i s t r i b u t i o n  M(y ' ) ,  from which - U ( y ' ) ,  
u1 

P - ( y ' ) ,  and consequently t h e  boundary l a y e r  p r o f i l e  a f t e r  t h e  e q a n s i o n  4 
a x  de te re ined .  
8ef .  3 ,  f o r  i n i t i a l  boundary l a y e r s  having p r o f i l e s  of 1/5 of 1/7 powers, 
have shown us t h a t  w e  can express  the  momentum th ickness  a** a f t e r  ex- 
p a m i o n ,  ELS a func t ion  of 6:* before e,qansion, r ega rd le s s  of Mo, by t h e  
r e l a t i o n  

The numerical ca l cu la t ions  t h a t  we have performed i n  



?;eczssa:-y ExJierirnental Ver i f i ca t ions  

Tke preceding theory i s  bzz,ed GII a s i q l i f i c a t i o n  o f  t h e  gese rd .  
equzt ions,  where t h e  tu rbu len t  mixture c o e f f i c i e n t s  E and X are urknovn. 

t t 
J$< + 'P t h i s  scheme t h e  problem i s  re6uccci t o  ob ts in ing  knowledge of  t h e  
pzrerreter cr and t o  ve r i fy ing  t h e  f:$ct thz t  t h e  terriperature d i s t r i b u t i o n  
i i i  che ::iixtEre zone s a t i s f i e s  thc :--:;s..(i:(itian 2 = 1. r r. 

/21 Thc values  of u are well k:icw;i frc,n t hc  incoap-ess ib le  r e g h e  up 
tc :bhch 2.5 ,  approxinately.  Beyond this, t he  experimental  r e s u l t s  show 
:sore ar,d more dev ia t ions  as the Nzch nurrber increases .  There are, how- 
ever, very l i t t l e  da t a  on t h e  terr!;pratu-e d i s t r i b u t i o n  o f  a mixture 
lzyer  . 

Research i s  being conducteL _ '  the 0.K.E.R.A. on t h e s e  t o p i c s ,  
under t h e  d i r e c t i o n  o f  M. S i r i e i x .  This  L*euc?arch z k e s  s p e c i a l  use of  
In te r fe rometry ,  whose a n a l y s i s  m s  made accura te  and automatic  by t h e  
work of J. L.  Solignac (Ref.  6 ) .  

Cocclusion 

The nethod which has been propomded i n  a f e w  o f  i t s  b a s i c  elements 
ailo:?s LS from now on t o  p r e d i c t  t h e  flow behavior a t  t h e  base of  a 
s.l;gersonic body, . such as t h e  supersonic transport plane  Concorde, whose 
des ign  szudies  have j u s t  been i n i t i e t e d .  

More research  3s s t i l l  necessary t o  extend i t s  app l i ca t ions  t o  t h e  
hysersozic f i e l d .  

18 February 1963 
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